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THE  EPPECT  OP  RELIABILITY  OP  "SUPERVISORY"  EQUIPMENT  ON 
THE  ACCURACY  OP  A  "SUPERVISED"  SYSTEM* 


Alexander  irf.  Boldyreff** 


Summary ;  This  study  deals  with  a  basic  system* 
the  performance  of  which  degenerates  through 
random  errors  Increasing  with  the  square  root 
of  operating  time.  The  probable  circular  error 
of  this  system  can  be  made  independent  of  the 
time  by  the  addition  to  the  system  of  super¬ 
visory  equipment  capable  of  periodic  correction 
of  the  errors  of  the  basic  system.  Assuming  the 
supervisory  equipment  ^fail  safe**  and  subject  to 
constant  hazard  type  of  failure  the  performance 
of  the  supervised  system  is  determined  for  various 
values  of  reliability  of  the  supervisory  equip¬ 
ment.  It  is  shown  that  a  great  improvement  in 
performance  is  possible  even  with  unreliable 
supervision. 


In  the  design  of  complex  high  performance  automatic  systems 
it  is  sometimes  important  to  know  how  much  additional  complexity 
(with  a  corresponding  loss  in  reliability)  can  be  accepted  to 
improve  performance.  This  study  is  directed  towards  such  a 
problem. 

The  basic  system  under  consideration  is  designed  to  operate 
automatically  for  a  maximum  operating  time  T.  Its  performance 
is  cnaracterized  (for  operating  time  t  >  0.05T)  by  a  normal  distri¬ 
bution  of  error  with  circular1  symmetry  and  zero  mean,  and  the  prob¬ 
able  circular  error  oa,  sucn  tnat 

oj  -  a*  ♦  (b  Jt)«  •  (1) 
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By  the  addition  of  supervisory  equipment  the  probable  error 
of  the  supervised  system  is  assumed  to  become  Independent  of  the 
time,  provided  the  supervisory  equipment  does  not  fail,  and  the 
prooaole  circular  error  of  tne  supervised  system  Ci  is  then 
assumed  to  be 

C|  •  a.  (2) 

Ths  supervisory  equipment  it  assumed  to  be  "fall  safe”  asd 

subject  to  the  constant  hazard  type  of  failure,  independent  of  the 
time  it  has  been  operating.  Thus,  the  probability  density  of  failure 
is 

£  exp  [-*A]  # 

where  L  is  the  mean  time  to  failure  which  depends  on  the  design 
reliability.  The  probability  of  no  failure  during  the  operating 
time  ( 0, T )  is  then  the  reliability  of  the  supervisory  equipment: 

R  •  exp  [-T A]  •  (5) 

It  is  assumed  that  a  failure  of  the  supervisory  equipment 
results  in  tne  absence  of  corrective  signals  to  the  basic  system, 
and  that  for  failures  of  trie  supervisory  equipment  at  time  t  the 
probable  circular  error  of  tne  basic  system  c(t  )  is  given  at  the 
ena  of  tne  operating  time  T  by 

c*(t  )  -  a*  ♦  (b  vJT-t  )*  .  (4) 

With  tne  above  assur.pt ions  the  question  arises:  what  improve¬ 
ment  in  the  performance  of  the  basic  system  can  be  expected  at 
the  expense  of  added  complexity  by  the  addition  to  the  basic  system 
of  zwpervlsory  eq  ilpnent  of  variable  reliability. 
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It  it  thorn  that  a  conaidorablo  gain  in  aeouraoj  oan  bo  attalnod 
toon  with  a  rolatlvoly  unrollablt  auparvlaory  oqulpaant. 

Tho  probability  that  a  auparvload  ays tan  will  hart  a  radial 
orror  p  not  axeaadlng  r  at  tho  and  of  opamtlng  tint  T,  whan  ttoa 
rallablllty  of  tha  auparvlaory  oqulpnant  la  R,  It  glvon  by 
T 

P(r|R)-  j"  Pr  {failura  at  t]  .  Pr  [  p  <  r  at  T|  failura  at  t]  dt  ♦ 
o 

♦  Pr  |  no  failura  ovar  (0,T) j  .  Pr  {  p  <  r  at  T|  no  falluia]  - 

m  S  z  {  I'-aipf-  £<1.1774r)2/a2  ♦  b2(*-t)]  j  dt  ♦ 

♦  Uf  (-VA)  •  [  1  -  **P(-  |<1.177*I*)2/.2  ]  “ 

-  1  -  £  S  «*P(-»A)  •  •*!>[  -i<l.X77*r)2/»2  ♦  b2(*-t)  ]  dt 

-  «p[  -  TA  ]  •  **p[  -  id.mtp)2/*2  ]  .  (5) 

whara  tha  oanotant  1.1774  •  \J2  In  2  •  tha  ratio  of  tha  probabla 
olraular  orror  to  tha  standard  donation. 

For  any  glvan  valua  of  R  tho  probabla  olroular  orror  of  tho 
oyataa  la  glvan  by  that  valuo  of  r  for  vhloh  P(r|R)  In  (5)  la 
aqual  to  a  half. 

Slnoo  tha  uaa  of  aquation  (5)  would  lnvolvo  a  fomldabla  ooa- 


putatlonal  Job,  tha  aolutlon  of  tha  problaa  waa  obtalnad  In  a 
font  avoiding  tha  uaa  of  high  apaad  computation. 
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This  was  done  by  dividing  tbs  Interval  (0,T)  Into  ton  equal 

sub— Intervals  At^  with  aid-points  t,  ,  and  rsplaeing  tha  oxaot 

expression  for  P(r|R^  by  an  approximation! 

10 

P(r|R)  •  1  -£^Pr  {failure  inAt^}  .  axp[-  |<1.177tr)2/®2^2(*-^^)] 

-  Pr  {no  failuro  ovtr  (0,T)]  .  axp[  -  A(l.l774r)2/R*]  (6) 

Ths  txprosslo ns  P(r|R)  wars  than  oonputsd  for  various  R  fad  r. 
This  was  dona  for  b  equal  to  0.267a  and  T  -  210  for  aaah  of  tha 
valuas  of  Rt  0,  0.2,  0.4,  0.6,  0.8,  1,  and  for  r  varying  fron 
saro  to  8a  in  stops  of  a/3. 

Tha  results  ara  shown  graphioally  by  plotting  P(r|R)  against 
r  for  oaoh  of  tha  abova  valuas  of  R.  tha  valuas  of  r  oorrsepcnS 
ing  to  P(r|R)  •  1/2  ara  than  tha  probabla  olroular  arrora  at  tha 
and  of  total  opa rating  tins  T  of  tha  supervised  systasi  for  syper- 
vlaory  equlpannt  of  varying  rsliablllty. 


Tha  signlfloant  result  of  this  study  is  tha  groat  gain  in 
aoouraoy  attained  a  van  whan  fairly  unreliable  suparvialan  is  used. 
Thus,  tha  use  of  supervision  of  rsliablllty  of  only  0.6  desreased 
tha  probabla  circular  error  to  one  third  of  that  of  tha  tasupsr- 
viaad  system. 

Tha  three  basic  assumptions,  namely  tha  olroular  nornal  die— 
tributlon  of  arror,  tha  error  propagation  aquation  (1),  and  ths 
oonstant  haaard  typo  of  failure  of  tha  supervisory  equlpannt,  wars 


supported  by  ample  empirical  data  in  the  partioular  situation  to 
whloh  this  analysis  was  appllsd.  The  psal  p  rob  Ism  was  ths  tsoh- 
nleal  attainability  of  desired  performance  level,  and  ths  question 
of  equipment  eost  was  unimportant . 

However,  ths  above  assumptions  ars  satlsflsd  in  nany  othsr 
p  rob  Isas  of  eontrol  of  automatic  aqulpasnt  (as  in  soas  typss  of 
long  rangs  autoaatlo  flight ),  and  with  obvious  modifications  ths 
analysis  is  capabls  of  still  wider  application.  Specifically,  by 
assuming  (1)  a  different  law  for  the  propagation  of  error  In  the 
basic  system,  and  (2)  a  different  mechanism  of  failure  for  the 
supervisory  equipment.  It  would  be  easy  to  adapt  the  analysis  of 
this  paper  to  the  most  general  types  of  feedback  systems,  where 
the  output  of  the  basic  system  Is  measured,  compared  with  a  standard 
or  with  a  supplementary  measurement,  and  used  to  regulate  the  basic 
system.  In  Industrial  applications  It  wcu^d  also  be  necessary  to 
determine  through  cost  analysis  whether  the  Improvement  In  performan 
Justifies  the  added  cost  of  the  supervisory  equipment. 


